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G enerating  quantizing pseu d om agn etic  fields by bend ing  graphene ribbons
F. G u in ea1, A. K. G eim 2, M. I. K a tsn e lso n 3, K. S. Novoselov4 
1 Instituto de Ciencia de M ateriales de Madrid, CSIC,
Sor Juana Ines de la Cruz 3 E28049 Madrid, Spain 
2 Centre fo r  M esoscience and Nanotechnology, University o f  Manchester, M anchester M13 9PL, United Kingdom  
3 Institute fo r  Molecules and Materials, Radboud University o f Nijmegen,
Heyendaalseweg 135, NL-6525 A J, Nijmegen, The Netherlands 
4 School o f  Physics & Astronomy, University o f Manchester, Manchester, M13 9PL, United Kingdom,
We analyze the mechanical deformations th a t are required to  create uniform pseudomagnetic 
fields in graphene. It is shown th a t, if a ribbon is bent in-plane into a circular arc, this can lead to 
fields exceeding 10T, which is sufficient for the observation of pseudo-Landau quantization. The arc 
geometry is simpler th an  those suggested previously and, in our opinion, has much be tte r chances 
to  be realized experimentally soon. The effects of a scalar potential induced by dilatation  in this 
geom etry is shown to be negligible.
G rap h en e  ex h ib its  a  nu m b er of un ique  fea tu res n o t 
found  in  conven tional m eta ls  an d  in su la to rs .1,2 A m ong 
th e m  is th e  possib ility  to  s tre tc h  g raphene  e lastica lly  
by  m ore th a n  15% 3, an d  to  con tro l in  d ifferent ways 
th e  induced  s tra in s4,5,6’7’8’9’10’11. T h is  offers a  p ro sp ec t 
o f tu n in g  e lec tron ic ch a rac te ris tic s  of g rap h en e  devices 
n o t on ly  by  ex te rn a l e lec tric  field b u t also by  m e­
chan ical s tra in 2’12, a possib ility  being  ex tensively  d is­
cussed  th e o re tic a lly 12,13,14,15,16,17,18,19,20,21. In  p a r tic u ­
lar, th e  presence of tw o valleys a t  th e  opposite  corners of 
g rap h e n e ’s B rillou in  zone im plies th a t  long w avelength  
la ttic e  defo rm ations induce an  effective gauge field ac ting  
on th e  e lec trons an d  holes, w hich has th e  opposite  sign for 
th e  tw o valleys.1’22’23 T h is yields an  en tic ing  possib ility  
of c rea tin g  such gauge fields th a t  w ould m im ic a  un ifo rm  
m agnetic  field B  and , consequently , gen e ra te  energy  gaps 
in  th e  electron ic sp e c tru m  an d  lead  to  a  zero-B  analogue 
of th e  q u a n tu m  H all effect.24 B o th  iso trop ic  an d  un iax ia l 
s tra in s  resu lt 12’24 in  zero  pseudom agne tic  field B S b u t 
as show n recen tly 24 d efo rm ations w ith  a tr ia n g u la r  sym ­
m e try  can  lead  to  s tro n g  un ifo rm  B S . M oreover, th e  
s tra in ed -in d u ced  pseudom agne tic  field can  easily  reach  
q u an tiz in g  values, exceeding 10T in  subm icron  devices 
for defo rm ations less th a n  10% .24
U nfo rtuna te ly , all th e  geom etries o f app lied  s tra in , 
w hich were suggested  prev iously ,24 are ra th e r  difficult to  
realize experim entally . In  th is  C om m unication , we re p o rt 
an  a lte rn a tiv e  s tra in  configuration  th a t  does n o t requ ire  
a com plex tr ia n g u la r  sy m m etry  and , in  fact, is a  s tra ig h t­
forw ard  ex tension  of th e  geom etry  ty p ica lly  used  in  ex­
p erim en ta l s tu d ies  of s tra in ed  devices8’10’11. W e have 
found  th a t  sim ple in -p lane b en d in g  of g raphene  ribbons 
(see F ig. 1) shou ld  lead  to  s tro n g  p rac tica lly  un ifo rm  B S . 
W e believe th a t  th is  finding can  speed  u p  th e  observa tion  
o f th e  pseudom agne tic  q u a n tu m  H all effect an d  re la ted  
phenom ena.
F irs t, le t us com plete th e  analysis o f R ef.24 by  clas­
sifying th e  s tra in  d is trib u tio n s  th a t  a re  com patib le  w ith  
equ ilib rium  e lastic ity  an d  lead  to  a  un ifo rm  pseudom ag- 
n e tic  field.
W e will use th e  co o rd in a tes  th a t  are fixed w ith  respec t 
to  g ra p h e n e ’s honeycom b la ttic e  in  such a w ay th a t  th e
FIG. 1: (Color online). Sketch of the suggested bending ge­
om etry th a t would generate a uniform pseudomagnetic field 
and open band gaps in graphene’s electronic spectrum . The 
graphene rectangle (lower image) is bent into a circular arc 
(upper).
x  axis co rresponds to  a zigzag d irec tion . In  th is  case, th e  
gauge field A ac tin g  on charge ca rrie rs  in  g raphene  can  
be w ritte n  a s22’23
f
A x u yy )
fA y =  ^ 2 c —u xy (1)
w here f  =  — d  lo g ( t) /d  log(a), w here t  «  3eV  is th e  
elec tron  h opp ing  betw een  p z o rb ita ls  lo ca ted  a t  n ea rest 
neighbor a tom s, a  «  1.4Â is th e  d is tan ce  betw een  th em , 
c  is a num erical co n s tan t th a t  d epends on th e  de ta ils  of 
a tom ic  d isp lacem en ts w ith in  th e  la ttic e  u n it cell, an d  U j  
is th e  s tra in  ten so r. T h e  tw o signs co rrespond  to  th e  tw o 
valleys, K  an d  K ' in  th e  B rillou in  zone of g raphene.
In  tw o d im ensional e las tic ity  prob lem s, it is convenient 
to  s tu d y  th e  s tress  ten so r, <7j =  d  F / d u i j , w here F  is th e  
e lastic  energy 25. T h e  gauge field can  be w ritte n  in  te rm s 
of th e  s tress ten so r as
f
A x =  ± c 2 ( a xx 6 yy )
f
A y — “Fc 6  xy^ a
(2)
a
2w here p  is a L am e coefficient. F u rth e rm o re , possib le 
stress  d is tr ib u tio n s  th a t  describe  tw o d im ensional elastic  
system s in  equ ilib rium  can  b e  w ritte n  in  te rm s of com-
plex  variab les z x  +  iy  an d  z =  x  — iy as
=  d 2f  (z ,z )  
axx =  dy2 
_  d 2f  (z ,z )
25
yy d x 2
d 2f  (z ,z )  
d x d y
(3)
H ere f  (z, z) is e ith e r th e  real o r th e  im ag in a ry  p a r t  o f a 
function
F  (z, z) =  F l ( z )  +  z F 2 (z) (4)
w here F 1(z) an d  F 2(z) are an a ly tic  functions. For th e  
case of pu re  sh ear defo rm ations considered  in  R ef.24 
F 2 = 0  b u t here we will n o t re s tr ic t ourselves by  th is  
lim ita tio n . Since b o th  s tress  an d  A are given by  th e  sec­
ond  derivatives of F ,  w hereas B S is given by th e  first 
deriva tives of A, a un ifo rm  B S necessita tes  F  to  have a 
cubic dependence on th e  coo rd ina tes . Such a function  
m u st have th e  following s tru c tu re :
F ( x ,y )  =  C1 (x +  *y)3 +  C2 (x -  iy ) (x  +  iy )2 (5)
w here c1 an d  c2 are a rb it ra ry  co n s tan ts . S ep ara tin g  th e  
real an d  im ag in a ry  p a r t  of eq u a tio n  (6), we find four 
possib le functions th a t  resu lt in  un ifo rm  B S
f  ( x ,y ) «
x 3 — 3xy2
3 2  x 3 +  x y 2
3x2 y — y3
y3
(O)
2x 2y
T h e second p a ir  o f th e  so lu tions is equ ivalen t to  th e  first 
one by  sw apping  th e  axes. For th e  la ttic e  o rien ta tio n  
used  in  Eq. (1 ) , th e  first p a ir  leads to  a gauge field such 
th a t  <x x  an d  <x y and , accordingly, is zero. 
H ence, th e  s tress  d is tr ib u tio n s  th a t  give rise to  a un i­
form  pseudom agne tic  field can  be expressed  in  te rm s  of 
a su p e rp o sitio n  of th e  functions in  lines 3 an d  4. T he 
s tra in  con figu ration  found in  re f .24 involves on ly  th e  3rd  
function  f  (x ,y )  <x 3 x 2y — y3, w hich leads to  a  un ique 
so lu tion  for th e  sh ap e  of g raphene  flake w here such dis­
tr ib u tio n  of stresses can  be c re a te d  by  no rm al forces only. 
U nfo rtuna te ly , th is  so lu tion  is n o t easy  to  realize exper­
im entally . T h e  use of b o th  3rd  an d  4 th  functions offers 
fu rth e r  possib ilities.
In  th e  following, we consider th e  defo rm ations requ ired  
to  c rea te  a  un ifo rm  inside a re c tan g u la r  g raphene  
crysta l, of w id th  W  an d  len g th  L, w ith  no rm al forces 
app lied  a t  th e  left an d  rig h t b o u n d arie s  as sketched  
in  F ig u re  2 . T h e  non-defo rm ed  c ry s ta l fills th e  region 
—L /2  <  x  <  L /2 , —W /2  <  y <  W /2 . L et us w rite  th e  
forces a t  th e  rig h t an d  left b o u n d arie s  x  =  ± L / 2  as
F R,L _ / R,L i / R,Ly
F x =  Jo +  f l y
F r ,d  =  0y (7)
FIG. 2: (Color online). Stretching geometry leading to  a 
uniform pseudomagnetic field inside a rectangular graphene 
sample. Normal forces are applied at two opposite boundaries 
and their m agnitude is indicated by the length of the plotted
T h e cond ition  of zero to ta l  force an d  zero to ta l  to rq u e  
requ ires =  - f L =  fo an d  f R =  - f f  =  f  w here f  
an d  f 1 a re  co n s tan ts . T h e  absence of forces a t  th e  u p p e r 
an d  lower edges im plies th a t  <ryy =  <rxy =  0 th e re . A t 
th e  rig h t an d  left edges, we have
=  (  +  fo— ^o I y +  f
a xy 0 (S)
w here a 0 is a c o n s ta n t th a t  d ep en d s on app lied  forces. A 
stress d is tr ib u tio n  w ith in  th e  cry sta l, w hich is co m p a t­
ible w ith  these  b o u n d a ry  cond itions, is g en e ra ted  by  a 
function  ƒ  (y) =  C  [y3/3  +  ( f o / f i ) ( y 2/2 )]. T h is function  
can  b e  considered  as a su p e rp o sitio n  of so lu tions 3 an d  
4 of Eq. (6 ), w hich leads to  a un ifo rm  , an d  a con­
s ta n t  te rm  th a t  describes a un iax ia l s tra in  an d  does n o t 
give rise to  an  ad d itio n a l pseudom agne tic  field. T h e  la t­
te r  te rm  ensures th a t  th e  la ttic e  is s tre tch e d  everyw here, 
th e re  is no  possib ility  for o u t o f p lane defo rm ations. In ­
side th e  rec tan g u la r  c ry sta l, <rææ d ep en d s on ly  on y in  th e  
m a n n er described  by  eq. (8 ), an d  <ryy =  <rxy =  0. F rom  
th is  s tress d is tr ib u tio n , we find th e  la ttic e  d is to rtio n s
Ux =  Uo I 2xy +  j 0  x
U0
x 2 A (  2 +  Jo 
A +  4 ^ ( , y ƒ1y
(9)
w here U0 is a co n s tan t th a t  defines th e  m ax im um  stress. 
T hese  d isp lacem ents lead  to  th e  cu rved  shape  show n in 
F ig. 2, w hich w as d raw n  using  th e  re p o r te d 26 L am e co­
efficients of g raphene, A «  3.3eV  A -2  an d  p  «  9.4eV  
A - 2 . T h e  m ax im um  s tra in  occurs a t  th e  to p  an d  b o tto m  
b o u n d arie s  an d  can  be e s tim a te d  as Umax «  u 0(W  +  
f o / f l  ). T h e  pseudom agne tic  field inside th e  g raphene  
c ry s ta l is given by
D „ 2 $ oUo „ $ o UB s  =  c ß --------- =  c ß - —
a a W (10)
w here $o  is th e  flux q u a n tu m . T h e  effective m agnetic  
le n g th  is =  ^ / ( a W ) / ( f  u ). T h is field h as  th e  sam e 
dependence on  th e  c ry s ta l d im ensions an d  th e  m ax im um  
s tra in  as in  th e  exam ples d iscussed  in  R ef.24. F or W  «  
0.1 m icron  an d  U «  10% th e  g en e ra ted  effective field is 
of th e  o rder o f 20T.
a xy
Uy
3E xperim en ta lly , i t  m ay  be difficult to  c rea te  th e  precise 
s tress  d is tr ib u tio n  p resc rib ed  by  Eq. (8 ) . However, one 
can  see th a t  th e  req u ired  sh ap e  of th e  s tra in e d  g raphene  
c ry s ta l in  F ig . 2 resem bles an  arc o f a circle. To th is  end, 
we consider n ex t th e  geo m etry  in  w hich a rec tan g u la r  
g raphene  c ry sta l is b e n t in to  a c ircu lar arc, as sketched  
in  F ig . 1 an d  show n in m ore d e ta il in  F ig. 3 a . N ote th a t  
th is  g eo m etry  is in  fact s ta n d a rd  for ex p e rim en ta l stud ies  
o f s tra in  (see, e.g., R ef.8 ,10,11) w ith  th e  on ly  difference 
th a t  th e  ben d in g  shou ld  be app lied  in  p lane  ra th e r  th a n  
o u t o f p lane of a g raphene  sheet.
If th e  rad iu s  of th e  inner circle defin ing th e  lower edge 
in  F ig. 3a is R , th e  sh ap e  of th e  defo rm ed  rec tang le  is 
given by
u æ(x ,y )  =  (R  +  y) sin
Uy(x, y) =  (R  +  y) cos
2x '  L
—  arcsin
L v2R
2x (  L—  arcsin
L V 2R -  R  -  y (11)
T h e  u n d is to rte d  re c tan g u la r  sh ap e  is recovered for 
L /R  ^  0. T h e  d isp lacem ents in  Eq. (11) can  be ex­
p an d e d  in  pow ers of R - 1 , an d  th e  lead ing  te rm s are
, \ x y
u x ( x ,y ) =  r
X
u y ( x ,y ) =  -  2 R (12)
T hese d isp lacem ents do  n o t exceed m ax (L , W ) 2/R .  T he 
n ex t te rm s lead  to  co rrec tions b o u n d  by  m ax(L , W )3/ R 2. 
T h e  d is to rtio n s  in  Eq. (12) coincide w ith  those  in  eq. (9) 
in  th e  lim it o f van ish ing  Poisson ra tio  A/(A +  2^) ^  0 
an d  lead  to  a un ifo rm  B S inside th e  sam ple. T h e  m axi­
m um  s tra in  is L /2 R . F or an  a rb it ra ry  value of L /R ,  th e  
p seudom agne tic  field is given by
B s (x, y) =  - 4 c ßaL0 arcsin  (
R  +  y . f  L1 ------------ arcsin  —
L V 2R
2x
T
L
2R
(13)
For L /R  ^  0, th e  field reduces to  B S «  
- c ( ^ $ o ) / ( a R ) ,  in  ag reem ent w ith  Eq. (10) an d  th e  es­
tim a te s  given in  R ef.24. T h e  re la tive  co rrec tions to  th e  
c o n s tan t value of B S are of th e  o rder L /2 R , th a t  is, th e  
m ax im um  s tra in . A n exam ple of th e  field d is trib u tio n  
d escribed  by  E q . (13) is p lo tte d  in  F ig. 3 b .
T h e  found s tra in  is n o t p u re ly  sh ear b u t it also con ta in s 
a d ila ta tio n . T h e  la t te r  gives rise to  an  effective scalar 
p o te n tia l22, in  a d d itio n  to  th e  d iscussed pseudom agne tic  
field. Below, we show  th a t  due to  screening, th e  ex tra  
p o te n tia l does n o t rad ica lly  affect L an d a u  q u an tiza tio n .
Following R ef.22, an d  using  eqs. 9, th is  p o te n tia l is:
V (x, y) =  V0 (dæwæ +  dyUy) =  Vo 2u0y +
4 f o
f i (A +  4m) 
(14)
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FIG. 3: (Color online). (a) - Rectangular graphene sample 
deformed into an arc. The radii of the lower and upper edges 
are R  and R  +  W , respectively. The plot is for R  =  5 x L. (b) 
- Effective magnetic field, in Teslas, for the same deformed 
ribbon. Dimensions are W  =  200nm, L =  192nm, R  =  5 x 
L =  960 nm. The maximum strain  is 10%.
- 1  -0.5 0 0.5 1
-1 -0.5 0
FIG. 4: (Color online). Variation in density, Sp(x,y), in di- 
mensionless units (see text) due to  the screened scalar poten­
tial induced by strains. The aspect ratio  is L /W  =  1.
w here V0 ~  3eV, e s tim a te d  from  th e  linear rise in  th e  
w ork function  of g rap h en e  u n d e r com pression  betw een  0 
an d  10% s tra in 17 (no te  th a t  in  R ef.22 a m uch  la rger value 
of 16 eV  is quo ted , from  old ex p e rim en ta l d a ta  on  tra n s ­
p o r t p ro p ertie s  of g rap h ite ). T h e  c o n s ta n t co n trib u tio n  
gives a rig id  sh ift to  all th e  levels w hile th e  non  un ifo rm  
te rm  is equivalen t to  an  effective electric  field along th e  
y d irec tion . U nlike th e  s tra in  induced  gauge field, th is  
p o te n tia l will induce a charge re d is trib u tio n  an d  will be 
screened by  th e  ca rrie rs  in  g raphene.
W e consider first th e  screening ex p ected  if we assum e 
th a t  th e  flake is a perfec t m etal, neg lecting  co rrec tions 
due to  q u a n tu m  p ro p ertie s  o f th e  e lec tron  gas. T h e  in­
duced  charge density , £p (r) can  be th u s  o b ta in ed  from  
th e  cond ition
d2r '
¿p (rf ) 
|r  — r*|
2Vou
W
ó p (r)y (15)
T h is eq u a tio n  can  be rescaled  by  th e  su b s titu tio n  
¿ p (x /L , y / W ) =  (W + L )/(2 L )x (2 V o U )/(e 2W )x £ p (x ,y ) .  
w here th e  function  Jp (x , y) d epends on ly  on  th e  aspec t 
ra tio , W /L .
T h e  d en sity  of ca rrie rs  in  a given L an d a u  level due 
to  th e  effective field given in  Eq. 10, se ttin g  c =  1, is 
Pl l  =  2 (a W )/( fU )  so th a t  ¿p / p l l  =  (W  +  L ) /(2 L )  x 
(4 V 0 a )/( fe 2) x J p ( x / L ,y / W ). H ence, th e  non  un iform  
d en sity  induced  by  th e  effective field, in  u n its  o f th e
L
50 100
-100
50 100
x
0.5 1
Xcos
X
2e
4difference in  densities betw een  d ifferent q u a n tu m  H all 
p la teau s, is ap p ro x im ate ly  given by  Jp  show n in F ig . 4 .
To provide an  ideal m eta llic  screening, th e  chem ical 
p o te n tia l shou ld  coincide a t  each p o in t w ith  th e  posi­
tions of one of th e  L an d a u  levels. H ence, th e  q u a n tu m  
energy  of th e  ca rrie rs  is la rger th a n  in  a  un ifo rm  e lec tron  
d is trib u tio n , w hen  th e  F erm i energy  lies in  a  pseudogap  
betw een  th e  L an d a u  levels. T hus, in  ad d itio n  to  th e  clas­
sical screen ing  energy, d iscussed above, we also m ust ad d  
th e  change in  energy  due to  th e  changes in  occupancies 
of th e  e lec tron  levels in  th e  presence of th e  sca la r p o te n ­
tia l. W e first assum e th a t  th e  induced  elec tron ic d ensity  
is given by  th e  so lu tion  of Eq. 15, an d  th a t  th e  electron ic 
s ta te s  are th e  L an d a u  levels induced  by  th e  effective field 
in  Eq. 10. T hen , th e  tw o co n trib u tio n s  to  th e  energy, for 
W  ~  L, are of th e  order:
E e1ec ~  ( |£ p |)2
e2
E q„oni„m ~  v f ^  ( i ^ p i ) / a  (16)
T h e  ca lcu la tions show n in F ig . 4 suggest th a t  (|£p|) =  
f  «  10- 2 — 10- 1 , an d  ~  e2 ~  V0a. T hen , th e  scalar 
p o te n tia l is screened, an d  th e  process can  be d escribed  
by  th e  classical m odel o u tlin ed  earlier, if  \JL / a  >  f - 1 , 
th a t  is, L  >  102 — 103nm . F or sm alle r sizes, th e  rig id ity
of th e  q u a n tu m  levels induced  by  th e  gauge p o te n tia l 
p reven ts  an y  rea rran g e m en t of th e  charge inside th e  flake. 
A d e ta iled  th e o ry  of screening  in  th is  s itu a tio n  will be 
p resen ted  elsew here. In  e ith e r  case, th e  electron ic s ta te s  
are well described  by  th e  effective L an d a u  levels induced  
by  th e  field in  E q . 10.
To c rea te  th e  req u ired  s tra in  experim entally , one can  
th in k  of dep o sitin g  g rap h en e  r ib b o n s o n to  a  rec tan g u la r  
e lastic  s u b s tra te  an d  deform  it in  th e  m a n n er p resc ribed  
by  eq. (9) o r by  b en d in g  it  in to  a c ircu lar arc  (Fig. 1). 
C ry s ta ls  r ig id ly  a t ta c h e d  to  th e  su b s tra te  can  th e n  be 
of a rb it ra ry  shape, as th e  s tra in  d is trib u tio n  in  th e  sub­
s tr a te  w ould p ro jec t on to  g raphene  an d  give rise to  a 
(nearly) un ifo rm  B S . N ote th a t  m acroscopic su b s tra te s  
w ould requ ire  th e  use of rubber-like  m a te ria ls  capab le  of 
w ith s tan d in g  very  large s tra in s , such th a t  local defo rm a­
tions p ro jec ted  on a subm icron  g rap h en e  c ry s ta ls  could  
still reach  «  10%.
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